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013.04.0Abstract Low-velocity tracking capability is a key performance of ﬂight motion simulator (FMS),
which is mainly affected by the nonlinear friction force. Though many compensation schemes with
ad hoc friction models have been proposed, this paper deals with low-velocity control without fric-
tion model, since it is easy to be implemented in practice. Firstly, a nonlinear model of the FMS
middle frame, which is driven by a hydraulic rotary actuator, is built. Noting that in the low velocity
region, the unmodeled friction force is mainly characterized by a changing-slowly part, thus a sim-
ple adaptive law can be employed to learn this changing-slowly part and compensate it. To guar-
antee the boundedness of adaptation process, a discontinuous projection is utilized and then a
robust scheme is proposed. The controller achieves a prescribed output tracking transient perfor-
mance and ﬁnal tracking accuracy in general while obtaining asymptotic output tracking in the
absence of modeling errors. In addition, a saturated projection adaptive scheme is proposed to
improve the globally learning capability when the velocity becomes large, which might make the
previous proposed projection-based adaptive law be unstable. Theoretical and extensive experimen-
tal results are obtained to verify the high-performance nature of the proposed adaptive robust con-
trol strategy.
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Open access under CC BY-NC-ND license.1. Introduction
Flight motion simulator (FMS) is designed for automated pro-
duction testing and calibration of inertial navigation systems,
which is also key equipment in the hardware-in-the-loop sim-
ulation (HILS) for testing and simulation. Three-axis frame
is a typical conﬁguration of FMS. All three axes are servo con-
trolled to provide precision position, rate and acceleration mo-
tion. With hydraulically acted middle and outer axes and an
AC brushless motor on the inner axis, the hydraulic ﬂight mo-
tion simulator (HFMS) studied in this paper, will reproduce, inSAA & BUAA. Open access under CC BY-NC-ND license.
Fig. 1 A photograph of three-axes hydraulic ﬂight motion
simulator.
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actual vehicle (including missile and aircraft). ‘Ultra-low veloc-
ity, high accuracy, high bandwidth, large authorized velocity
range’ becomes the main performance index of FMS,1 in which
the low velocity tracking capability is very difﬁcult to be
obtained for HFMS, due to the heavy nonlinear friction
characteristics.
The methods to solve the friction compensation can be di-
vided into two categories: model-based compensation strategy
and model-free compensation strategy. Based on various fric-
tion models, like static friction model2 and/or dynamic friction
model,3 many researchers have investigated abundant control
schemes. Yao et al.4 proposed a robust LuGre-model3-based
friction compensation strategy in which the unmeasurable
state is estimated by a dual state observer via a controlled
learning mechanism for hydraulic load simulator5 actuated
by a hydraulic rotary actuator. In Ref. 6, an adaptive Lu-
Gre-model-based friction compensation was synthesized for
the motion control of a single-rod hydraulic actuator. Further-
more, an adaptive observer was also designed in that controller
to avoid the use of acceleration measurement. To avoid utiliz-
ing the internal unmeasurable state in dynamic friction model,
a simple and often adequate approach regarding the friction
force as a static nonlinear function of the velocity2 is employed
in many literature.7,8 On the other hand, as many identiﬁcation
works have to be completed in model-based friction compensa-
tion, lots of model-free approaches are adopted since its prone
implementation, like adaptive robust control,9,10 disturbance
observer,11 robust integral sign of error approach,12 etc.
Besides the nonlinear friction, electro-hydraulic systems
have a number of characteristics which complicate the devel-
opment of high-performance closed-loop controllers, including
the nonlinear nature of the servo-valve13 and parametric and
nonlinear uncertainties.9 Many researchers utilized the linear-
ized model to synthesize the hydraulic controller. To name a
few, Yao et al. proposed a compound controller based on a dy-
namic inverse model of the linearized hydraulic model.14,15 To
handle the nonlinear nature of hydraulic systems, much of
work has used feedback linearization techniques,16 nonlinear
adaptive control,17 robust control,18 robust adaptive control19
and adaptive robust control (ARC).9,20
In this paper, contrast to the model-based friction compen-
sation scheme, a simple adaptive robust controller is synthe-
sized without any friction model. Thus abundant
identiﬁcation works in model-based compensation21 are
voided. In the low-velocity tracking region, the unmodeled
friction is thought as two parts: the nominal lumped friction
which changes slowly and the vary-fast nonlinear friction part.
To compensate the nominal friction part, a direct adaptive law
is designed and thus the low velocity tracking performance can
be improved. The designed adaptive law is governed by a dis-
continuous projection to guarantee the boundedness of adap-
tive process in the presence of disturbances. The vary-fast
nonlinear friction part is attenuated by a well-designed robust
controller with control accuracy measured by a design param-
eter. Furthermore, the nonlinear characteristics are also dom-
inated by the proposed controller via feedback linearization
techniques. In implementation, the adaptive gain is usually gi-
ven to be large enough to capture the behavior of the nominal
lumped friction. But this might lead the learning mechanism to
become invalid due to the saturation effect of the employed
discontinuous projection when the tracking velocity is large.To release this problem, a saturated projection function is in-
serted into the adaptive law to limit the learning rate and the
learning capability can be reserved even in the large velocity
tracking. The theoretical and experimental results are obtained
for the motion control of a hydraulic rotary actuator to verify
the effectiveness of the proposed controller. The control strat-
egy can be easily transplanted to hydraulic actuated frames of
HFMS.
2. Problem formulation and nonlinear models
2.1. The description of HFMS
The system under consideration is ﬁgured in Fig. 1. The ﬂight
motion simulator is conﬁgured with an orthogonal outer axis,
a middle axis which is horizontal to the outer axis, an inner
axis supported by the middle axis frame and a base. The inner
axis has continuous angular freedom and is driven by a high
torque brushless AC motor that is ﬁxed on the middle frame
to rotate about the roll axis. A hard-anodized aluminum table-
top on the roll axis serves as the payload mounting surface.
The outer axis frame with limited angular motion rotates
around a vertical yaw axis and is driven by a hydraulic rotary
actuator located inside the base. The middle axis frame also
with limited angular motion, moves around a horizontal pitch
axis and is driven by another hydraulic rotary actuator, which
is ﬁxed on the outer frame. The roll axis is perpendicular to the
pitch axis. The yaw, pitch, and roll axes meet at a single point
in space. In this paper, the motion control of middle axis frame
is investigated as a case study while other frames are ﬁxed.
2.2. Nonlinear model of the middle frame
The schematic of the middle frame is depicted in Fig. 2. The
goal is to have the inertia load to track any speciﬁed motion
trajectory as closely as possible, even if the velocity of trajec-
tory is very slow.
The dynamics of the inertia load can be described by
Fig. 2 Architecture of electro-hydraulic positioning servo system (left) and rotary actuator (right).
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F ¼ Ff þ Fe

ð1Þ
where y and m represent the angular displacement and the
inertial mass of the load respectively; PL = P1  P2 is the load
pressure of the hydraulic actuator, P1 and P2 are the pressures
inside the two chambers of the actuator; A is the radian dis-
placement of the actuator, and F the lumped effect of uncer-
tain nonlinearities such as friction Ff and external
disturbance Fe (such as coupling force and the effect of the
unbalanced gravity in FMS). While there have been many fric-
tion models proposed,2 a simple and often adequate approach
is to regard the friction force as a static nonlinear function of
the velocity, which is given by22
Ffð _yÞ ¼ B _yþ Fsð _yÞ ð2Þ
where B represents the combined coefﬁcient of the modeled
damping and viscous friction forces, and Fs the nonlinear term
that can be modeled as2
Fs ¼ fc þ ðfs  fcÞej _y=xv jl
 
sgnð _yÞ ð3Þ
where fc and fs represent the level of Coulomb friction and stic-
tion friction, respectively; xv, l are empirical parameters used
to describe the Stribeck effect; sgn() is the sign function.
Neglecting the external leakage, pressure dynamics in actu-
ator chambers can be written as13
_P1 ¼ be
V1
ðA _y CtPL þQ1Þ
_P2 ¼ be
V2
ðA _yþ CtPL Q2Þ
8><
>: ð4Þ
where V1 = V01 + Ay, V2 = V02  Ay are the control vol-
umes of the actuator chambers respectively, V01 and V02 are
the original total control volumes of the two actuator cham-
bers respectively; be is the effective bulk modulus in the cham-
bers; Ct is the coefﬁcient of the total internal leakage of the
actuator due to pressure, Q1 the supplied ﬂow rate to the for-
ward chamber, and Q2 the return ﬂow rate of the return cham-
ber. Q1 and Q2 are related to the spool valve displacement of
the servo-valve, xv, by
13
Q1 ¼ kqxv½sðxvÞ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Ps  P1
p þ sðxvÞ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
P1  Pr
p 
Q2 ¼ kqxv½sðxvÞ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
P2  Pr
p þ sðxvÞ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Ps  P2
p 
(
ð5Þwhere
kq ¼ Cdw
ﬃﬃﬃ
2
q
s
s(*) is deﬁned as
sðÞ ¼ 1 if P 0
0 if  < 0

ð6Þ
where kq is the valve discharge gain, Cd the discharge coefﬁ-
cient, w the spool valve area gradient, q the density of oil, Ps
the supply pressure of the ﬂuid, and Pr the return pressure.
The effects of servo-valve dynamics have been included by
some researchers,23,24 but this requires an additional sensor to
obtain the spool position and only minimal performance
improvement is achieved for position tracking performance,
so many researchers neglect servo valve dynamics.25 Since a
high response servo valve is used here, it is assumed that the
control applied to the servo valve is directly proportional to
the spool position, then the following equation is given by
xv = kiu, where ki is a positive electrical constant, and u the in-
put voltage. Thus, from Eq. (6), s(xv) = s(u). Then, Eq. (5) can
be written as
Q1 ¼ gR1u
Q2 ¼ gR2u
ð7Þ
where g= kikq and
R1 ¼ sðuÞ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Ps  P1
p
þ sðuÞ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
P1  Pr
p
P
R2 ¼ sðuÞ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
P2  Pr
p
þ sðuÞ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Ps  P2
p ð8Þ
In general, the nominal system nonlinear models can be
represented by the hydraulic dynamics Eqs. (1), (4), and (7)
and the friction Eqs. (2) and (3).
As the pressure sensors and position encoder are mounted
in the system, the nonlinear functions R1 and R2 are thus
can be calculated on line. The parameters g, Ct, V01, V02 and
A can be obtained from the speciﬁcation catalog of relative
products; the unbalanced gravity force Fe can be calculated
from the structure of FMS; be and B can be identiﬁed ofﬂine.
Thus there is no uncertain parameter existing in the system
nonlinear models except parameters in friction model Eq.
(3). But to identify these friction parameters is very difﬁcult
in practice, especially for identiﬁcation of nonlinear parame-
Friction compensation for low velocity control of hydraulic ﬂight motion simulator: A simple adaptive robust approach 817ters xv and l. Lots of experimental tests have to be adopted
and high accuracy sensors have to be mounted for precise mea-
surement, which are very expensive. Thus, in this paper, a
model-free controller design method is proposed.
Before the controller design, we have the following
assumption.
Assumption 1. The desired position trajectory yd e C
3 and
bounded; in addition, the friction force Fs satisﬁes
jFsj 6 d ð9Þ
where d is a known bound of Fs.
In fact, the Assumption 1 is not a strong assumption as Fs is
always bounded by fs and one can always conservatively eval-
uate the maximum stiction friction in practice. Thus the upper
bound d can be obtained.
In practice, we also have the following assumption.
Assumption 2. In practical hydraulic system under normal
working conditions, P1 and P2 are both bounded by Pr and Ps,
i.e. 0 < Pr < P1 < Ps, 0 < Pr < P2 < Ps.3. Controller design
3.1. Design model and issues to be addressed
From Eqs. (1), (4), and (7), and noting Assumption 2,
deﬁne x ¼ ½x1 x2 x3T ¼ ½y _y PLT as the system states are suit-
able, thus the entire system can be expressed in a state-space
form:
_x1 ¼ x2
m _x2 ¼ Ax3  Bx2  Fs  Fe
_x3 ¼ f1u f2
8><
>: ð10Þ
where
f1 ¼ gbe
R1
V1
þ R2
V2
 
f2 ¼ be
1
V1
þ 1
V2
 
ðAx2 þ Ctx3Þ
8>><
>>:
ð11Þ
Based on Assumption 2, it can be seen that f1 > 0. From
Eq. (3), it can be seen that the friction Fs is only with respect
to the system state x2. When tracking low-velocity trajectory,
if the output velocity is changing very slowly, the friction Fs
will also change very slowly. That means that Fs is mainly
dominated by a changing-slowly part dn, which can also be
thought as the nominal friction force.
The main idea of this paper is to design a simple adaptive
law to capture the nominal friction force dn for further com-
pensating the friction and improving the tracking perfor-
mance. Based on the concept dn, the system model can be
rewritten as
_x1 ¼ x2
m _x2 ¼ Ax3  Bx2  Fe  dn  ~d
_x3 ¼ f1u f2
8><
>: ð12Þ
where ~d ¼ Fs  dn represents the other effects of friction, i.e.
the changing-fast part of Fs. To avoid the unstable estimation,the nominal friction state dn is estimated by the following
adaptive law with projection type modiﬁcations:
_^
dn ¼ ProjdnðcsÞ ð13Þ
where d^n is estimate of dn, c a positive adaptation gain, and s
an adaptation function to be synthesized later. The projection
mapping Projdn (*) is deﬁned by
26
ProjdnðÞ ¼
0 If d^n ¼ dnmax and  > 0
0 If d^n ¼ dnmin and  < 0
 Otherwise
8><
>: ð14Þ
where dnmax = d and dnmin = d are the maximal and minimal
bounds of dn. It can be shown that for any adaptation function
s, the above projection mappings have the following
properties27,10
P1 : dnmin 6 d^n 6 dnmax
P2 : ~dn½c1ProjdnðcsÞ  s 6 0
(
ð15Þ
where ~dn ¼ d^n  dn is the estimation error.
3.2. Robust controller design
Firstly, a robust controller is designed to guarantee the global
stability of the system. The design parallels the recursive back-
stepping design28 due to system unmatched model uncertain-
ties in the second equation of Eq. (12).
Step 1: Noting that the ﬁrst equation of Eq. (12) does not
have any uncertainties, a quadratic Lyapunov function can
be constructed for the ﬁrst two equations of Eq. (12) directly.
Deﬁne a switching function like quantity as
z2 ¼ _z1 þ k1z1 ¼ x2  x2eq; x2eq, _x1d  k1z1 ð16Þ
where z1 = x1  x1d(t) is the output tracking error, and k1 a
positive feedback gains. Since Gs(s) = z1(s)/z2(s)=1/(s+ k1)
is a stable transfer function, making z1 small or converging
to zero is equivalent to making z2 small or converging to zero.
So the rest of the design is to make z2 as small as possible with
a guaranteed transient performance. Differentiating Eq. (16)
and noting Eq. (12), we have
m _z2 ¼ Ax3 m _x2eq  Bx2  Fe  dn  ~d ð17Þ
In this step, x3 is treated as virtual control input. Then
ARC29 design technique can be used to construct a control
function a2 for the virtual control input x3 such that output
tracking error z2 converges to zero or a small value with a
guaranteed transient performance. The resulting control func-
tion a2 is given by
a2 ¼ a2a þ a2s; a2a ¼ 1
A
ðm _x2eq þ Bx2 þ Fe þ d^nÞ
a2s ¼ 1
A
ða2s1 þ a2s2Þ
a2s1 ¼ k2s1z2; a2s2 ¼  d
2
e2
z2
8>>><
>>>>:
ð18Þ
where k2s1 > 0 is a feedback gain; e2 is a positive design
parameter which can be arbitrarily small.
In Eq. (18), a2a functions as an adaptive control law used to
achieve an improved model compensation through online
parameter adaptation given by Eq. (13), and a2s as a robust
control law in which a2s2 satisﬁes the conditions
29,10
818 J. Yao et al.Condition i : z2ða2s2 þ ~dn  ~dÞ 6 e2
Condition ii : z2a2s2 6 0
(
ð19Þ
Essentially, Condition i of Eq. (19) represents the fact that
a2s2 is synthesized to dominate the model uncertainties with a
control accuracy measured by the design parameter e2, and
Condition ii is to make sure that a2s2 is dissipating in nature
so that it does not interface with the functionality of the adap-
tive control part a2a.
Let z3 = x3  a2 denote the input discrepancy. For the
positive-semi-deﬁnite (p.s.d.) function V2 deﬁned by
V2 ¼ mz22=2, noting Eq. (17), the time derivative of V2 is
_V2 ¼ z2ðAx3 m _x2eq  Bx2  Fe  dn  ~dÞ ð20Þ
combined with the virtual control input Eq. (18), then
_V2 ¼ Az2z3  k2s1z22 þ z2ða2s2 þ ~dn  ~dÞ ð21Þ
Step 2: In Step 1, as seen from Eq. (21), if z3 = 0, output track-
ing would be achieved by noting conditions Eq. (19) and using
the control function Eq. (18). Therefore, Step 2 is to synthesize
an actual control law for u such that x3 tracks the virtual con-
trol function a2 with a guaranteed transient performance as
follows. From Eq. (12), we have
_z3 ¼ _x3  _a2 ¼ f1u f2  _a2 ð22Þ
where
_a2 ¼ _a2c þ _a2u ð23Þ
in which
_a2c ¼ @a2
@t
þ @a2
@x1
x2 þ @a2
@x2
_^x2 þ @a2
@d^n
_^
dn
_a2u ¼ @a2
@x2
~_x2
ð24Þ
where
_^x2 ¼ 1
m
ðAx3  Bx2  Fe  d^nÞ
~_x2 ¼ 1
m
ð~dn  ~dÞ
In Eq. (24), _a2c represents the known and calculable part of
_a2 and can be used in the control function design; _a2u is the un-
known part due to the uncertainties, and has to be dealt with
by certain robust feedback.
In order to construct the controller for the third equation of
Eq. (12), a Lyapunov function is developed which is given as
follows:
V3 ¼ V2 þ 1
2
z23 ð25Þ
Noting Eqs. (12), (21), and (22), its time derivative is
_V3 ¼ k2s1z22 þ z2ða2s2 þ ~dn  ~dÞ þ z3ðf1u f2  _a2c
 _a2u þ Az2Þ ð26Þ
Thus the resulting control input u is given by
u ¼ ua þ us; ua ¼ f2 þ _a2c  Az2
f1
; us ¼ us1 þ us2
f1
;
us1 ¼ k3s1z3; us2 ¼ 

@a2
@x2
2 d2
m2e3
z3
8>><
>>:
ð27Þwhere k3s1 > 0 is a feedback gain; e3 is a positive design
parameter which can be arbitrarily small.
In Eq. (27), ua functions as an adaptive control law used to
achieve the improved model compensation, and us as a robust
control law in which us2 satisﬁes the conditions
29
Condition i : z3ðus2  _a2uÞ 6 e3
Condition ii : z3us2 6 0

ð28Þ
Substituting Eq. (27) into Eq. (26), we have
_V3 ¼ k2s1z22 þ z2ða2s2 þ ~dn  ~dÞ
k3s1z
2
3 þ z3ðus2  _a2uÞ
ð29ÞTheorem 1. For any adaptation function s, the designed
robust controller Eq. (27) has the following tracking
performance:
In general, all signals are bounded. Furthermore, the
positive deﬁnite V3 is bounded by
V3 6 expðktÞV3ð0Þ þ ek ½1 expðktÞ ð30Þ
where k= 2min{k2s1/m, k3s1}and e= e2 + e3.
Proof. From Eq. (29), and noting Condition i of Eqs. (19) and
(28), then
_V3 6 e2 þ e3  k2s1z22  k3s1z23 6 e kV3
which leads to Eq. (30).30 Thus z1, z2 and z3 are bounded.
From Assumption 1 and noting Eq. (16), it follows that x2eq
and the time derivative of x2eq are bounded. Also we see that
the state x is bounded. From Property P1 of Eq. (18), the
bound of _a2c is apparent. The control input u is thus bounded.
This proves Theorem 1.
Remark 1. Results of Theorem 1 indicate that the proposed
controller has an exponentially converging transient perfor-
mance with the exponentially converging rate k and the ﬁnal
tracking error being able to be adjusted via certain controller
parameters freely in a known form; it is seen from Eq. (30) that
k can be made arbitrarily large, and e/k, the bound of V3(1)
(an index for the ﬁnal tracking errors), can be made arbitrarily
small by increasing gains k1, k2s1, k3s1 and/or decreasing con-
troller parameter e2, e3. Such a guaranteed transient perfor-
mance is especially important for the control of electro-
hydraulic systems since execute time of a run is very short.
It is clear from Theorem 1 and Remark 1 that the tracking
error z= ½z1 z2 z3T can be made very small by choosing suit-
able controller parameters. That means the system state x will
change very slowly when tracking low-velocity trajectory. The
nonlinear friction is thus changing slowly, which ensures the
rationality of the concept dn. In the next, an adaptation func-
tion is given to learn the main part of Fs, i.e. dn, to improve the
tracking performance of low velocity control.
Theorem 2. With the projection type adaptation law Eq. (13),
in which s is chosen as
s ¼ z2 þ @a2
@x2
1
m
z3 ð31Þ
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If after a ﬁnite time t0, ~d ¼ 0, then, in addition to results in
Theorem 1, asymptotic output tracking is also achieved, i.e.
zﬁ 0 as tﬁ1.
Proof. Under the conditions of ~d ¼ 0, noting Condition ii of
Eqs. (19), (28), and (29) can be rewritten as
_V3 ¼ k2s1z22 þ z2 ~dn  k3s1z23  z3
@a2
@x2
1
m
~dn
Choose a positive deﬁnite function Vs as
Vs ¼ V3 þ 1
2
c1 ~d2n
then its time derivative satisﬁes
_Vs 6 k2s1z22  k3s1z23  s~dn þ c1 ~dnð _^dn  _dnÞ
Due to the nonlinear friction Fs changing slowly, the time deriv-
ative of the changing-slowly part dn of Fs is rather small. With
large adaptation gain c, the time derivative of dn can be thought
as zero with respect to the time derivative of d^n. Thus, we have
_Vs 6 k2s1z22  k3s1z23 þ ~dnðc1 _^dn  sÞ
Noting the property P2 of Eq. (15),
_Vs 6 k2s1z22  k3s1z23 ¼ W
where W, ¼ k2s1z22 þ k3s1z23. Therefore, W 2 L2 and Vs 2 L1.
Since all signals are bounded from Theorem 1, it is easy to
check that _W is bounded and thus W uniformly continuous.
By Barbalat’s lemma,30 Wﬁ 0 as tﬁ1, which lead to
Theorem 2.
Remark 2. Results of Theorem 2 imply that the changing-
slowly part dn may be reduced through parameter adaptation
and an improved performance is obtained. In low-velocity
tracking, the adaptive law Eq. (13) with s in Eq. (31) can com-
pensate the main part of friction.3.3. Modiﬁcation of adaptive law
To ensure the learning capability of the proposed adaptive law, a
large adaptation gain has to be employed. Large adaptation gain
will workwell in low-velocity tracking, since the tracking error is
rather small in this case. But when desired trajectory becomes
large and fast, the tracking error will be large correspondingly
and then large adaptation gain will cause severe adaptation
chattering between the upper bound and lower bound of dn.
The underlying cause of adaptation chattering is excessively
large adaptation rate. A spontaneous modiﬁcation is to utilize
a saturation function to limit the adaptation rate as follows:
_^
dn ¼ Projdn ðsatdnðcsÞÞ ð32Þ
where satdn(*) is a saturation function and is deﬁned as
satdn ðÞ ¼
rM If  > rM
rM If  < rM
 Otherwise
8><
>: ð33Þ
where rM is a pre-set rate limit. It can be veriﬁed that the mod-
iﬁed adaptive law has the following properties:P1 : dnmin 6 d^n 6 dnmax
P2 : ~dn c1Projdnðsatdn ðcsÞÞ  s
 
6 0
P3 : j _^dnj 6 rM
8><
>: ð34Þ
The property P1 in Eq. (34) is the same as that in Eq. (15),
which implies that the estimation of dn is always within the
known bounded range. Property P2 enables one to show that
the use of saturated modiﬁcation to the traditional discontinu-
ous adaptation law holds the perfect learning capability of the
traditional one. Property P3 ensures that the adaptation rate is
always limited by a pre-set maximal adaptation rate rM.
Theorem 3. With the saturated modiﬁcation adaptation law
Eq. (32) and s given in Eq. (31), the synthesized controller Eq.
(27) has the following results:(1) In general, the results in Theorem 1 are always retained.
(2) The modiﬁed adaptation law Eq. (32) holds the results in
Theorem 2.Proof. Following the proof procedures of Theorems 1 and 2,
and noting the property P2 in Eq. (34), all the results in The-
orem 3 can be proved.3.4. Implementation issues
Noting the robust law a2s2 in Eq. (18) and us2 in Eq. (27), we
may implement the needed robust control term in the follow-
ing two ways. The ﬁrst method is to pick up a set of values
d, e2 and e3 to calculate a2s2 and us2 so that Condition i of
Eqs. (19) and (28) is satisﬁed for a guaranteed global stability
and guaranteed control accuracy. This approach is rigorous
and should be the formal approach to choose. However, it in-
creases the complexity of the resulting control law consider-
ably since it may need signiﬁcant work to choose suitable
values d, e2 and e3. As an alternative, a pragmatic approach
is to combine a2s2 and us2 into a2s1 and us1 respectively and
to simply choose k2s1 and k3s1 large enough without worrying
about the speciﬁc values of d, e2 and e3. By doing so, Condition
i of Eqs. (19) and (28) will be satisﬁed for certain sets of these
values, at least locally around the desired trajectory to be
tracked. In this paper, the second approach is used since it
not only reduces the pre-work signiﬁcantly, but also facilitates
the gain tuning process in implementation. In addition, the sec-
ond approach can also relax the Assumption 1 and the rigor-
ous upper bound d is not needed any more.4. Experimental results
The structure of the test rig used in experiments is shown in
Fig. 2. The test rig is a typical valve-controlled electro-hydraulic
positioning system. The identiﬁed parameters B and be are
shown in Fig. 3. All the system parameters are listed in Table 1.
The following two controllers are compared to verify the
effectiveness of the proposed control scheme:
(1) ARC: Nonlinear adaptive robust controller proposed in
this paper whose parameters are k1 = 1500, k2s1 = 200,
k3s1 = 20, c= 1000, dnmin = 50, dnmax = 50.
(a) Identification of B
(b) Identification of βe
Fig. 3 Identiﬁcation results.
Table 1 System parameters.
Parameter Value
A (m3/rad) 1.2 · 104
V01 = V02 (m
3) 1.15 · 104
g (m4/sÆVÆ
ﬃﬃﬃﬃ
N
p
) 2.394 · 108
Ct(m
5/(NÆs)) 2 · 1012
be (MPa) 1150
Ps (MPa) 10
Pr (MPa) 0.5
B (NmÆs/rad) 140
m (kgÆm2) 0.327
Fe (Nm) 0
(a)Learning capability of proposed adaptation law 
(b) Tracking performance with the proposed ARC controler 
(c) Control input of the proposed ARC controler 
Fig. 4 Experimental results with ARC controller.
820 J. Yao et al.(2) PID: PID controller is commonly used in industrial
applications which can be treated as a reference control-
ler for comparison. The controller parameters are
kP = 2, kI = 20, kD = 0. These controllers are tuned
carefully via error-and-try method. One may argue that
larger parameters can make better tracking performance.
But these parameters are achieved ultimately and larger
parameters will lead the instability of the system. Thus
using the PID controller with these parameters to com-
pare with the proposed ARC controller is fair.
The comparison of experimental results of the proposed
ARC controller with slowly developing desired trajectory isshown in Fig. 4 in which the trajectory is a triangular wave
with 0.1 amplitude and 0.1 Hz frequency. In low-velocity
tracking with triangular wave, the inertia torque and viscous
friction Bx2 are rather small and can thus be ignored. From
Eqs. (1) and (2), it can be known that the measured term
PLA can be thought as system nonlinear friction Fs in this case.
If the proposed adaptation mechanism can learn nonlinear
friction Fs, the tracking performance can be expected to be im-
proved. It is clear from Fig. 4(a) that the effect of the dynamic
behavior of friction can be captured very well by the proposed
adaptation law. Some protuberances present in the tracking
errors with ARC controller in Fig. 4(b) are caused by the
Fig. 5 Experimental results with PID controller.
(a) 0.001°/s tracking performance of the proposed ARC controller 
(b) 0.001°/s tracking performance of PID controller 
Fig. 6 Comparison of results with 0.001/s desired trajectory.
Fig. 7 Tracking performance with 0.0001/s desired trajectory
under the proposed ARC controller.
Fig. 8 Tracking performance with 0.00005/s desired trajectory
under the proposed ARC controller.
Friction compensation for low velocity control of hydraulic ﬂight motion simulator: A simple adaptive robust approach 821dynamic estimation process in the direction switching of the
friction. Except those protuberances, the steady tracking is
rather perfect. The control input of ARC controller is shown
in Fig. 4(c). The corresponding tracking results of PID con-
troller are present in Fig. 5. The tracking capability of the pro-
posed ARC controller is as much as that of PID controller at
this stage by comparing their tracking errors.
Fig. 6 gives the comparison of results with a slowly triangu-
lar trajectory whose amplitude is 0.01 and the frequency is
0.025 Hz. The desired velocity is 0.001 /s. The tracking perfor-mance with PID controller appears lots of spurs in Fig. 6(b),
which might be unacceptable. However, the proposed ARC
controller achieves excellent tracking performance, which can
be seen in Fig. 6(a).
In the next testing experiments, more slow desired trajecto-
ries are taken. Due to the poor capability of PID control in
slow tracking, experimental results of PID controller are
omitted. The tracking results of the proposed ARC controller
with 0.0001 /s and 0.00005 /s desired trajectory are shown in
Figs. 7 and 8 respectively. The tracking is rather smooth which
further veriﬁes the effectiveness of the proposed control
scheme.
5. Conclusions
In this paper, low velocity control of hydraulic FMS is studied.
Instead of many previous model-based friction compensation
schemes, a simple adaptive robust controller is proposed based
on the idea that in low velocity tracking, the nonlinear friction
is dominated by a changing-slow part which can be adapted by
adaptive law. To achieve the global stability, a robust control-
ler is ﬁrstly designed, and based on the guaranteed results of
the robust controller, a simple adaptation law is given. In or-
der to guarantee the estimation process to be bounded, a pro-
jection mapping is employed and the learning function is
822 J. Yao et al.synthesized by a Lyapunov function. However, the projection
mapping might cause chattering when tracking high velocity
trajectory with large adaptation gain. To tackle this problem,
a saturated modiﬁcation is proposed which can maintain all
properties of the traditional projection-based adaptation law.
The performance theorems are summarized and the controller
simpliﬁcation is made. The effectiveness of the proposed con-
troller is veriﬁed by experimental results compared with a
PID controller. It is shown that the low-velocity tracking capa-
bility is greatly enhanced by the proposed adaptive robust
controller.References
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